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* Quantitative MRI makes extensive use of
parameter estimation techniques

 Examples are:
— Water—fat imaging [1]
— T,/T,” mapping [2, 3]
— Magnetic-field mapping [4]
— Myelin water imaging [5]

[1] Ma, JMRI 2008, 10.1002/jmri.21492; [2] Patten, Seminars in Musculoskeletal Radiology 2003, 10.1055/s-2004-815677;
3] Hesper, Skeletal Radiology 2014, 10.1007/s00256-014-1852-3; [4] Liu, MRM 2013, 10.1002/mrm.24272; [5] Sood, MRM 2016, 10.1002/mrm.26281; 3
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* A broad class of MR signal models

can be mathematically described by four “constraints matrices”

e This allows for:
— A universal algorithm to solve all models in the class

— A general framework for noise and bias analysis
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« Single fat peak S(tn) = (W + Fetawtn )eiwtne_R;t”

' ' — R G | F ,
*  Multiple fat peak S(¢,,) = (W + anpemwptn)ewtne Rity, eneral Form

p Sum
« Single R, S(ty) = (W4 Fcn)ethne_R;t” of
*  Double R, S(t,) = (WG_R;,W + Feye B2rtn)eiwin complex

exponentials

* Unconstrained phase W = pw€i¢w F = pfei%f

11111

Constrained phase S(tn) — (,Ow i prc )eifbeiwtne—R;tn

AR\




MRI 5158 Generalized Formulation for MR Parameter Estimation Computer #74

sum over M

chemical species angle in transverse

transverse

/ plane after RF pulse relaxation rate
M / /
Z ngm ei(wm-l—i"“m)t

/ m S resonance frequency

MR signal evolution concentration

NOTE: model unspecific!
Different chemical species can have equal or inter-
dependent properties.
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M
) B | S(t) _ Z Qm€i¢m6i(wm+irm)t

m=1

discrete echo times ¢t — ¢,

Define: 2 matrices, 1 vector
i1
ei(wl—i—irl)tl o ei(wM—i-iTM)tl
Py =

Anxmr = -
€/L¢M

)T

ei(wl—{—irl)tN L ei(wM—f—iT'M)tN

5M><1 — (Qla ey OM

> —

§ — A((IJ), ’I?)P(¢)§ NOTE: still model unspecific!

7
[9] Yu, JIMRI 2007, 10.1002/jmri.21090;
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M
S(t) _ Z Qmez¢m61(wm+zrm)t g — A((Ij, F)P(g)g

m=1

The actual model is specified by fixing the inter-species parameter
relation on the level of signal derivatives.

Example: as(t)
doi

_ 5l€iqbl eiwlte—”l“lt
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M
S(t) _ Z Qmez¢m61(wm+zrm)t g — A((Ij, F)P(g)g_)

m=1

The actual model is specified by fixing the inter-species parameter
relation on the level of signal derivatives.

Example: 8S(t)
dol

but maybe:
— lPreiwitoTrit 01 = QOm
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M
S(t) _ Z Qmez¢m61(wm+zrm)t g — A((Ij, F)P(g)g

m=1

The actual model is specified by fixing the inter-species parameter
relation on the level of signal derivatives.
Example: 01 = QP
9S(t)
doi

_ equl ezwlte—rlt + aequm ezwmte—mmt

10
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M
et § =A@, NP(9)8

m=1

The actual model is specified by fixing the inter-species parameter
relation on the level of signal derivatives.

Example: Generally, all inter-peak relations in the concentrations g
can be captured in binary indicator functions 14(b).

'Lgbm zwm Q it a=5
5y = Slalonconcrteet e W

0 otherwise,
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. 1Pm zwm —rmt

Do, ZIQl(Qm) € NOTE: specifying
95 the indicator
ﬁ—qﬁn = ’LZ 0mIs, (Pm)e Pmemtem? functions 1, (b)

: m means specifying
S . - - _ the signal model.

no_ qumI LWt rmt
" ity ; Ome€ (W )e™“™%e
oS o
_on — 1Pm Zwmt] —Tmt
o tn Em: ome' e r (T )€

12
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Indicator functions can be expressed by “constraints matrices”
{CQ7 Cqb) Cwa Cr}

T = diag(ty,...,tNn)

%SQZL _ ;Mewmewmte_’"mt g—g - 4P

% _ Z; o R < 9 7ot 2_2 = iAP diag(0) @

% _ it ; R P (7)) O g_g =T AP diag(@).
aai? _ ; Ot it et g_i = —T AP diag(2)@}

“single-observation” formulation matrix formulation
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2. Matrix Formulation S — A(w,7)P(p)o

oS 0S 9S oS

3. Derivatives =, =, ——
op’ 0o 0w’ Or

4. Model Specification

PC,,iAP diag(0)Cy,iT'AP diag(0)C,,, —T AP diag(o

14
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95 95 a5 a5
0f o¢ 03 OF

= |[APC,,iAP diag(0)Cy,iT' AP diag(0)C.,, —T AP diag(0)C,|

The generalized Jacobian, describes signal changes depending on
parameters and echo times. This allows for model unspecific...

N T

[parameter mapping}

(experimental design

[ noise & bias analysis}
)
15
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[ parameter mapping]

@ Matrices depend on nonlinear parameters 5nonlin

' Vectors depend on linear parameters Blin

16
[10] Golub, Inverse Problems, 19(2), 1-26., 10.1088/0266-5611/19/2/201;
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| parameter mapping | Parameter mapping based on generalized Jacobian

Variable Projection Method (VARPRO) [10]

Voxel-based iterative minimization
(least-squares) [11]

Require: B

nonlin

while residual > € do

1. compute linear parameters

2. compute nonlinear

S [as 85 85 88

95 06 (9(3’87“] b

—

= [APC,,iAP diag(9)Cy, T AP diag(9)C,,, —T AP diag(9)C, ] parameters

end while

[10] Golub, Inverse Problems, 19(2), 1-26., 10.1088/0266-5611/19/2/201; [11] Hernando, MRM 2008, 10.1002/mrm.21522;
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[ noise analysis ]

—

S=Ap+n neN(p,o)+iN(u,o)

Likelihood function P~ exp(Q%’S*— Ap
o)

Jopo L
Fisher Matrix Fy=FE [iilnP] F B 0'2 J J

9B 9P The Fisher matrix is the starting point for
statistical analysis.

Cramér—Rao Analysis: (“Alphabetic”) Optimal Design (echo time selection):
* A-optimality
2 —1
O > (F )kl » D-optimality

* G-optimality
* V-optimality

Cramér—Rao lower bound

[12] Pineda, MRM 2005, 10.1002/mrm.20623; [13] Kay, S. M., Statistical signal processing, Volume I: Estimation Theory (1993), ISBN: 978-0133457117;
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Generalized Jacobian

J =[APC,,iAP diag(0)Cy,iT AP diag(0)C,,, —T AP diag(0)C,]

[parameter mapping} [ noise & bias analysis }

A5nomlin — J+(§_ Aﬁlin) F = %JTJ

O

19
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Tm

Examples for constraints matrices of

several signal models:

*  Simple magnetic-field mapping [4]

*  Multi-peak fat spectrum [17]

. Phase constrained models [8]

*  Fat unsaturation and chain length mapping [18]

[4] Liu, MRM 2013, 10.1002/mrm.24272; [17] Yu, MRM 2008, 10.1002/mrm.21737; [8] Bydder, MRM 2011, 10.1016/j.mri.2010.08.011;
[18] Berglund, MRM 2012, 10.1002/mrm.24196; [5] Sood, MRM 2016, 10.1002/mrm.26281;

Computer #74

20
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Simple magnetic-field mapping [4]:
S(t) _ Qeiqbeiwte—R;t
C,=Cyp=0C,=0C,=][1,0,---,0]T

NOTE:
One “matrix” for each “parameter type”.

21
[4] Liu, MRM 2013, 10.1002/mrm.24272;
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WFI signal model with multi-peak fat spectrum (single R,”) [17]:

P P
S(tp) =W+ F Z ozpeiAth")ei“te_th” Y =1
p=1

p=1
1 0 0 1 0 0
0 o 0 0 1 0 0 1 0 0 1 0 0
CQ: 0 (6D) 0 C¢_ 0O 1 0 0 Cw: : C’r‘:
S : Do 1 0 0 1 0 0
0 ap --- 0 01 0 0
NOTE:

e All constraints matrices are of size M x M with M = P+1
* Diagonal elements correspond to unknowns of the model

* Lower triangular columns correspond to constrained parameters
[17] Yu, MRM 2008, 10.1002/mrm.21737;

22
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WFI signal model with multi-peak fat spectrum (double R,") [7]:

P P
S(tn) = (WeszWt” + Fe f2rtn g apeZA“pt”> eWin g ap, =1
p=1

p=1

{CQ, C¢, Cw} as in single-R,” model.

(1 o ... 0\ (1 o --- O\

1 0 --- 0 0O 1 --- 0
Cr: . . . CT: : : :
\1 0 - 0 \0 1 - 0
Single R,” Double R, s

‘;‘ Rggggr MRM 2‘211| 1‘2 1‘2‘22‘mrm.2i‘2‘z1§|'
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WFI signal model with constrained phase [8]:
P P
S(tn) _ (QWGR;’th i QFG_R;’Ft"’ Z apeiAwptn> P iWin Z@p —1
p=1 p=1

{Cga Co, Cr} as in unconstrained-phase model.

(1 00 --- 0\ 1 0 -+ 0

. o 1 0 --- 0 O . . .

o=1. . . : ¢ — | : ;

0 10 - 0 Lo -0
Unconstrained phase Constrained phase .,

[8] Bydder, MRM 2011, 10.1016/j.mri.2010.08.011;
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A : A A

Complex signal model for fat unsaturation and chain length mapping [18]:

S(tn) =W +ap Fr +ap, Fo + ap, F3 + ap, Fy) eliw—R3)tn

ap, = 9a4 + 6ac + 6ag + 2ag + 2ay + ag 1 ]
ap, = QCLB 0 1
ar, = 4ap + 2a; 2/3 0
0 1
ap, = 2ar + 2a
fa S C,=| 2/3 0 0
U = Ay (1) = e™@m! 0 0 1
2/9 0 0 0
2/9 0 0 0
{Cs,Cu,Cr} as in unconstrained-phase 1/9 0 0 0
single-R," model. 0 1/2 1 0
25

‘1 8‘ Berglund, MRM 2012, 10.1002/mrm.24196; Fiﬂure taken from [18]
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Tm

Comparison of standard WFI model with and without frequency shift [19]

P
S(tn) — (W + F Z apeiAwptn)eiwte—RZtn

p=1

{Ogv C¢7 Cr} as before.
(1 0
1 0

C,, =

o

(standard) single-R,"

0

y

P
S(t,) = (W +F Z apei(Awptn)eiwte—R;tn

p=1

{Cy,Cy,Cr} asin single-R,” model.

C,, =

(

\

1P o0 --- 0
o1 0 --- O\
010 - 0

Single-R,” with|frequency shift
 oloompinos WRM 2012 101002/mmodtar
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[>>]

Application

Parameter maps & Cramér Rao analysis for

nal Averag

i

(standard) single-R,” water—fat model [12]

residual

Thagretical Mumbsr of Sig

&0

Fat Fraction [%]

(W)

Thacratical Murbeor of
3

20 410 a0 ag
Fal Fraction [%]

L

Thaarstical Numbsr of Signal Aversges

[12] Pineda, MRM 2005, 10.1002/mrm.20623;

&0 100

108

o

|Fl

o

In

o

Thaaretical Mumber of Signal Averages

(=]

{ £ 80 a0 100
Fat Fraction [45]

Z(F)

Thawretical Mumber of Signal Avarag

2 a0 A0
Fal Fraction [%]
8
o

&
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@

=3

7 . 8 ' ' 2 ' '
Parameter maps & Cramer—Rao anaIyS|s for g |VV| g, |F|
<< <<
. * . . ga Ea
single-R,” water—fat model with frequency shift [19]
g 3 g 3
EZ 52
residual g ES
g 1 g 1
g £
00 20 40 60 80 100 00 20 40 60 80 100
s Fat ‘Fraction‘ [%] 6 Fat Fraction‘ %1
g g
§s Z( VV) gs Z (F )
< <<
® o
o
22 22
E] g
T 24
2 =
00 20 40 60 80 100 00 20 40 60 80 100
Fat Fraction [%] Fat Fraction [%]
2 6 . 2 6 . . 2 6 . .
g, X g, f; g, R.*
2 2 B 2 2
& » &
5 5 s
g 3 g 3 g 3
5 = 5
= 2 z 2 = 2
[ ©
8 g 2
= = =
00 20 40 60 80 100 00 20 40 60 80 100 00 20 40 60 80 100

Fat Fraction [%]

[19] Karampinos, MRM 2012, 10.1002/mrm.24157;

Fat Fraction [%]

Fat Fraction [%]

28
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M
S(t) _ Qmengm ez(wm—l—zrm)t
m=1

General M-species model,

observation to matrix formulation S = A&, 7)P($)d

. [3_5 o5 o a_§] Model specification in the Jacobian via
a—n - a—»’ a—* ° °
prog oW or constraints matrices

= [APC,,iAP diag(0)Cy,iT AP diag(g)C,,, —T AP diag(0)C;|

[parameter mapping} [ noise & bias analysis }

ABnonlin — J+(§_ Aﬁlin) F = %JTJ
. g?
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